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NOTE ON THE TRANSFORMATION OF AN 
HEINEAN SERIES. 


By Prof. L. J. Rogers. 


THE properties of the series 


ae ee eee eae —b) (1 — bq) | 2 
G-ga T=) P= 9") (P= 2) (Le) 
in which the (r + 1) term is 
(1— a) (1 —ag) ... (1 - ag”) (1-4) ... (=bg) y 
(=g) ETET s+ (1 = eg™) 
have been investigated by Heine in his Kugelfunctionen, 


Vol. 1., Chap. 2, under the functional form ¢[a, b, c, q, x]. 
Moreover, in Crelle., Vol. XXXIIL, he establishes a chain- 


fractional form for the quotient of 


+.. 


1-5 3 
— $ (a, by, 0g, 9, v]+ [a, b, ¢, g, 2], 


from the easily proved identity 
$a, bg, cg, g,x]—$[4, b, c, 9, œ] 
a (1-a) (d- 


ree $ [ag, ba, eg’, q, 2]. 


This form is 


1-b (1-—a)(b-e)\s (1-69) (a—cq)x 
l-e- 1 -cq — 1 — eg" — 


ne Scale, a one 1 
=e a=. oe ee GU 
the 27* link being 
CE (beg) ga 
TS ogy = > 
and the (27 +41)" being 


(1 — bg") (a - 9") 9 
l-cq" - 
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Now, if 6=1 and ax=cgq, we get 


Ci 
4/2, qs Dy Gr @ 


TME E a) t 2) og Say ..0..(2)s 


1 

T= m im (1-—: 
of -a)(t-2) 
A e= 1 -g) = 2ge7 
1- l= c- l= eg. 


where ME 


Reducing (2), we see that 


len a Eea 
d= E S27) (Lo) $, oescosoocsos (3). 


Similarly if 
i. (e= eg’) g A-7) -— xg) 


GFE 1=eg— l-e ’? 
a Pee E _3(%— cg") (1-9") | 
= Tag” E (1 —eg") (lag) 


Proceeding in this way we get a series for 
e 
$ EE dy °% % z|iu-e) 
viz, 
AT ee ee Oe N) 
(= qa! ei eq) (1-2) (Tag Ye 


+cq (x — eq) (a — cq”) (=g) Gag) (l — eq?) 


(I =e) (I = cg) (1 = eg") A — a) (1 — arg) (1 = 9") 
in which the (r+ 1) term is 


ca (a — eg) (x — og")...(a— eg") (1-9) (1=9")--(1="9) 7 a 
(1 ~¢) (1—cg)...(1-0g") (1 — x) (1-24)... (1 -29") ` “i 
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A few well-known identities may be derived from this 
transformation, and as we get very rapidly converging series, 
the results are not without interest. 

Putting c=1 after dividing by 1 — c, we have 


o / see £ --q h a 
so I-a) Ia t THe) ag) T 


pe CR, e 
(1 — xj (1 — ag) (1 — aq’) (i P) +e. 


From this equation we may derive the following well- 
known relations, 
Let «=0, then 


+g 


it (l—g™)=1-g-g'(1 =g) +g (1—g°)—g*(1—9") +...» 


n=0 
Let c=qt. Then, changing ¢ into q’, we get 


an+ 


‘a 
í (Fo) a tt ate eg 4 gree) tee 


Let «=~ 1, then 
F] "+r 


2 =¥ aa ae “(1 —9°) T (1—9") 4.6 
D (Er) r Ae E E 


=1— 2g +2 2 +... 
Again in (4) if x = q, then we have 


I a 
l-g 1-q¢ 1i- 

1- eq 47 TLE A + cq (1 — eq") 4 
(=e) (1—g) * (Leg) (l—g’) © (Leg) (1-9) 


or better, writing eg for c and multiplying by c, 


cy cq Ts 7 e = ca fi cgt ral 7 
ie EA 1-g `° l-q l-g l-g a 
cg eg y eq" 


-+ 


T= 0g * I-e ti-e" 


as may casily be verified by equating coefficients of c. 
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When c= 1, we get Clausen’s identity, 


r 2 

s_f ig eae ee en 

l-g" *1l—-g * ieg 
and when c=- 1, 
q g g lang gla p 
—— - < + St = 9 = i "peo © 
bog hog hay Lq l= I= g 


Leeds, June, 1893 


PROOF OF A THEOREM IN THE THEORY OF 
NUMBERS. 


By H. W. Segar. 


§1. ON page 59 of vol. XXII. of the Messenger the fact that 
the product of the differences of any r unequal numbers is 
divisible by r—-1!r-2!...3!2!1! was incidentally dis- 
covered, and it may be worth while to give an independent 
proof of this property. Let the unequal numbers be denoted 
by a,, @,, A ++», @,5 then the product of their differences is 
E? (a,, a,, O eer Ah and this we shall shew is divisible by 
r—1!lr—2)... 3! 221! orr—L!!, say; which is the product 
of the differences of 1, 2, 3, ..., 7. 

Let a be one of the prime factors of r—1!!; then we shall 
first shew that there are at least as many of the differences of 
Qy An Qy -y @, divisible by a as there are differences of 
1, 2, 3, ..., 7 so divisible. 

The investigation will be simplified if we restrict ourselves 
to the most unfavourable case. ‘This will be when the number 
of letters a,, @,, @,, ..., &, having the various remainders 0, 
1, 2, 3, ... a—1, after having been divided by a, are as nearly 
equal as can be; that is, when the number of letters having 
any one of the remainders does not differ by more than unity 
from the number of letters having any other remainder. For 
suppose that we have in this case p groups of letters having 
x letters each and q groups having æ+ 1 letters each, using 
the word ‘group’ to denote all the letters having the same 
remainder. The differences which are divisible by a are 
obtained by subtracting from one another the numbers which 
have the same remainders when divided by a, Hence each 
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